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The unit circle

The equation x? + y? = 1 is a circle of radius 1. This circle is called the unit circle.
For any point on the circle, twice the shaded area is the circular angle 6.

The indicated lengths are the circular trigonometric functions of 0.



The unit hyperbola

The equation x> — y* = 1 is a hyperbola bounded by a square and asymptotes on the corners of the
square. This hyperbola is called the unit hyperbola.

For any point on the hyperbola, twice the shaded area is the hyperbolic angle 6.

The indicated lengths are the hyperbolic trigonometric functions of 6.



The trigonometric hexagon

The trigonometric hexagon relates elementary properties of the six circular and hyperbolic trigono-
metric functions. The points labelled sin, cos, tan, etc. are valid also for sinh, cosh, tanh, etc. The constant 1
at the center is treated as a function.

Each function is the product of its two neighbors: e.g. sin @ = tan 6 cos 6 and sinh 8 = tanh 6 cosh 6.

Each function is the quotient of the two functions to the left and also of the two functions to the
cos® tan6
cotd  sech’

right: e.g. sinf =

The product of two opposite functions is 1, which means that opposite functions are reciprocals:

e.g.sinfcsc =1,orsinb = .
& cscO
The three shaded triangles give the Pythagorean identities. For circular functions, the sum of the
squares of the top two functions is equal to the square of the bottom function; for hyperbolic functions,
the sum of the squares of the left and the bottom functions is equal to the square of the right function. For

example, sin? @ + cos? @ = 1; sinh® @ + 1 = cosh? .

The three dashed axes give the inner transformations. Inner transformations reflect functions from
one side of the axis to the other as follows:

The circular functions, when reflected across the co axis, become the circular functions on the other
side, e.g. sinco 0 = cos 0.

The hyperbolic functions, when reflected across the cg axis, become the hyperbolic functions on the
other side, e.g. sinh cg 0 = csch 6.

Either circular or hyperbolic functions, when reflected across the gd axis, become the function
on the other side of the opposite type, i.e. circular becomes hyperbolic, and hyperbolic becomes circular.

Examples: sinh gd 6 = tanh §; singd ™' 6 = tan 6.



e% = cosh 6 +sinh 0 = exp 6

e =coshf —sinh 6 = 1
exp 0

cosh 6 = ere’
e? —26‘9
sinh 6 = 9 5 e
e’ —e”
tanh 0 = eg " E:g
coth 6 = ; J_r Z_e
2
sech 0 = W
csch 6 = 0

cosh?u=1In <u +Vu? - 1)
sinh ' u =In (u +Vu? + 1)
tanh™ u = %In <1 +u>

1-u
1 u+1

-1 1
coth u—21n<u_1>

1 1+vV1-u?
sech u=1n —

a 1+V1+u?
csch™ u=In —

explu=Ilnu

Euler identities

e =cosB +isinf =cisO

1
=cos0 —-isinf = —
cis 0

e—i@
Exponential definitions

i 0

et 4+ et
cosf = 5
i _ o-if
sin@ =
21
if — o-if
tanf = _Iﬁ
e’ +e
0, ,-if
e’ +e
cotf =i————
i0 _ e—zG
2
secB =
319 + 6—19
2i
cscO = -
819 _ 6—10

Inverse function log formulae

Cos’1u=i1n<u—i 1—u2>

sintu=iln \/1—u2—iu>
. 1

tan"lu = lln< 1u>

cis'Tu=-ilnu



0 -0 0 +oo
cosh8 +oo +1 +o0
sinh® -0 0 +oo
tanhf -1 0 +1
cothf -1 +oo +1
sech6 0 +1 0

cschf 0 +oo 0
expf -1 +1 +oo

0 e (—00,0) (0,+00)
cosh 6 + o+

sinh 6 -
tanh 0 -
coth 6 -
sech 6 +
csch @ -
exp 0 +

+ 4+ 4+ 4+ 4+ o+

feER=

+1 < cosh 6 < +oo

—oo < sinh 6 < +oo

-1 <tanh6 < +1

cothf < -1 or +1 < cothf

0 <sechf < +1

—oo < cschf < +oo, but csch 6 # 0
O<expb

Special values

tanf0 0 oo 1

0 0o Z = fus o 3z 2z

2 4 10 5 10 5

1 2% g Ve g

cos6 1 0 - 5 5 5 5

sinf 0 1 %i il ;_4’ % §+¢
,/3 m

\/77+4¢ V3+4p
¢ V2 T+ \T -4
23-¢ 207 2/E 24

20 2/EL 291 203-¢

cot@ 0 0 1
secO 1 oo 2
cscO+oo 1 V2 2

) a Sk oo NS el

S sk G el e o
-e..

Signs

e (0,%) (%,x) (r, %) 3, 27)
cos 0 - - +

sin 6
tan 0
cot6
secO
csc

|
+ o+
|

+ 4+ 4+ +
[
[
+

+
|
|

Ranges

feR=
-1<cosf<+1
-1<sinf < +1

—oo < tanf < +oo

-0 < cotf < +oo
secO < -1or +1 < sech
cscO<-1lor+1<cscB
|cisf| =1



cosh 6 = sinh 0 coth 6
sinh @ = cosh 0 tanh 6
tanh 0 = sinh 6 sech 0
coth 6 = cosh 6 csch 6
sech 6 = tanh 6 csch 0
csch 8 = coth O sech 0
cosh 8sech 0 = sinh 6 csch 0

=tanh 6 coth0 = expOexp(-0) =1

1 sinh® cothO

cosh 6 = sech 0 - tanh®  cschf
sinh 6 — 1 cosh® tanh©
" csch®  coth® sechéf
tanh 0 1 sinh@® sech6
" coth® = cosh6 ~ cschO
tho - 1 cosh@ csch@
O = anh@  sinh@  sech®
soch @ = 1 tanh® csch6
" cosh®  sinh® coth6
cschf = 1 coth® sech6
" sinh®  cosh® = tanh©
1
exp(-0) = oxp0

Product formulae

cos 0 = sin 6 cot O
sin @ = cos O tan 6
tan 0 = sin O sec O
cotB = cos O cscO
secO = tan 6 csc O
csc B = cotBsecO
cos O secH =sin6 cscO
=tan6cotO = cisOcis(-0) = 1

Ratio formulae

1 sinf  cotH

6: = =
cos secf tan@ cscO
Sind — 1 cosf tano
" cscO  cotf  sech
tan @ — 1 sin® sect
" cotf  cos®  cscH
ot — 1 cos® cscO
" tanf sin®  secH
soch = 1 tan® csc6
" cos@ sinf  coth
s = 1 cot® secO
" sin@  cos®  tan6
1
S(—0) =
cis(-0) cis@

Inverse function reciprocal formulae

_ 41
cosh™ 4 =sech™ =

u

_ 41
sinh ™ u = csch™ =
u

_ 41
tanh™' u = coth™! =
u

1

cothu = tanh™ =
u

_ 41
sech™ 1 = cosh™ =
u

_ 41
cschlu =sinh™! =
u
explu=—exp? 1
u

1
coslu=sec!t =
u
L 1
sinlu=csct =
u
1
tan"lu = cot™! —
u
1
cotlu=tan! —
u
1
seclu =cos™! —
u
o4 1
csclu=sin! =
u
. .41
cistTu=—cis' =
u



1 = cosh? 6 - sinh? 0
= tanh? 0 + sech® 0 = coth? 0 — csch? 0
cosh?0 = sinh? 0 + 1
sinh® 0 = cosh® 6 - 1
tanh”*6 = 1 — sech’ 6
coth? 0 = csch? 0 + 1
sech?6 = 1 — tanh? 6
csch? 0 = coth?0 - 1
(coth 6 — tanh 0)* = sech? 6 — csch” 0
coth 0 — tanh 0 = sech 6 csch 0
sech? @ — csch? 0 = sech? 0 csch” O

Pythagorean identities

1 =cos?6 +sin’0
=sec? 0 — tanh? O = csc? 60 — cot? O
cos?6 =1-sin’0
sin0 =1 — cos? 0
tan?0 =sec?9 -1
cot?9 =csc?9 -1
sec?0 =1+ tan?0
csc?0 =cot?0 +1
(cot O + tan 0)* = sec? O + csc? O
cotO +tan 6 = secH cscH
sec? 0 + csc? 0 = sec? O csc? O

Pythagorean conversions

cosh @ = V1 +sinh? 0 = ;

1—-tanh?6
3 coth 0 3 csch?0 -1
Vecoth?0 -1 csch @
_exp?0+1
~ 2exp0
sinh = Veosh? 91— — 20
1-tanh?6
3 1 _V1- sech?
coth®?0 — 1 ~ sech®
_exp?0-1
~ 2exp0
tanh 0 Vcosh?6 - 1 3 sinh 6
cosh 6 V1 + sinh? O
1
=V1-sech’@= ———
Vesch?6 + 1
_exp?0-1
Cexp?O+1
coth 6 = cosh 0 _V1+ sinh” 6
B cosh?6 -1 - sinho
1
=——— =Vesch’6+1
1 -sech?6
B exp? 0 +1
- exp? 6 -1

1
cosf=V1-ginf= ———
V1 +tan? 9
cot0 Vesc20 -1

- V1 +cot’ 0 csc 6
_cs’0+1
T 2cish

tan 0
sinf = v1-co0s?20 = ————
V1 +tan? 9

1 veedd-1
\V1tco?®  secO
cis’0-1
~ icisO
V1 - cos?0 sin @

tan @ = =

cos 0 1-sin’6
1
3 cis?0 -1
CCs?0+1

cotf = c0sf 1-sin’0

Vi—cos?6  sind
1

__c1526+1

Ccis?0-1



1

sechf= ——— =1/1-tanh?6
V1 +sinh? 0
vV coth?6 -1 _ csch 6
coth® csch?6 -1
_ 2expb
Cexp?0+1
B 2
cschf = 1 _ 1-tanh~ 0
cosh’0 -1 tanh 6
3 1 3 sech 6
Veoth20-1 V1 -sech*6
_ 2expb
~exprf-1

exp6 = cosh@ + Vcosh’ 0 - 1
= Vsinh® 0 + 1 + sinh 0

_ 1+tanh®  cothf+1
\/1 —tanh? 0 \/Coth2 0-1

3 1+\/1—sech29 3 \/csch29—1+1

sech 0

csch 6

v =V1+tan?0

secB =
1-sin’6
_ V1+cot?0  csch
cot6 Vesc20 -1
_ 2cis6
cis?0+1
1 V1+tan? 60
cscO = =

v1-cos?28 tan 6

0
V1t f= —n
Vsec20 -1
_ 2icis®
cis?6 -1
cis@ = cos 0 +iv1 - cos? 0
=V1-sin’6 +isin®
_ 1+itan®  cotO+i
V1+tan20 V1 +cot?@
_1+i\/sec29—1_\/csc26—1+i

secO cscO

Inverse function Pythagorean conversions

ViZ -1
cosh 4 =sinh ' v#2 =1 = tanh™ uu
= coth™ =csch™?
u? -1 u? -1
=exp! (u +Vu? — 1>
sinh™ % = cosh™ V1 + 12 = tanh™ “
1+u?
V1 2 1
= coth™ yirw sech™
u 1+u?
=exp™! <u +vV1+ u2>
tanh™ u = cosh™ = sinh™ “
1-—u? 1-u?
1-12
=sech™v1-u2 =csch™ ” U
— exp-l 1+u
- ep 1-u
u 1
coth™ u = cosh™ =sinh™!
vu? -1 vu? -1
7.1
=sech™ U =csch'vu2 -1
u
= exp~! -1
- ep u+1

L V1 -u?
costu=sin'v1-12 =tan!
u
u 1
=cot™! = csc!
1-u? 1-u?

cis™ <u+i 1—u2>
o ~ ~ u
sinlu =cost v1-u2 =tan™!

1-u?
G V1I-u? » 1
= cot = secC
u 1-u?
=cis™! < 1-—u2+ 1u>
1 u
— — . _1
tan™! u = cos™! = sin
V1+u? V1+u?
V1+u?
=sec'v1+u2 =csc!
u
.. [1+iu
= cis -
1-iu
u 1
-1 1 .1
cot™ u = cos = sin
1+u? V1 +u?
1+ u?
=sec’! =csc V1 +u?
u
. q, Jiu=1
= cis .
iu+1

10



V1I—i2
sech™ u = sinh™ Tu =tanh ' V1 - 12
=coth? ——— =csch™ L
v - u? V1 -u?
~ exp-! 1+vu?-1
vu?z +1 1
csch™ 4 = cosh™ ywrl anh™ ———
u u>+1
=coth' vu2 + 1 = sech™ le
u? +
~ oxp-! 1++vV1+u?
- 2 u 2
1 -1
exp™' u = cosh™ “ 2; =sinh 1 2 7
2 _ 1 2 1
= tanh™ % = coth™ ZZ hl 1
2u 2u
_ -1 _ -1
= sech Al csch ]

coshif = cos 6
sinh i@ = isin 6
tanhif = itan 6
cothif = —icot 0O
sechif = sec
cschif = —icscO

expif = cis 0

exp 0 = (cis 0)~"

icosh™ u = cos™
isinh !y = sin™

itanh™' u = tan™!

1

vu?z-1

seclu =sin™ =tan'vu2 -1
-1 1
=co = csc!
Vu 1 Vu 1
.41+ 1\/u2 -1
=cis —m8M8—
u
-1 o Yur-1 -1 1
CSC™ U = CoS = tan
u? -1
=cottvu2-1=sec’!
u? -1
VU —-1+i
= cis
2 2
u -1
s-1 -1 in—1
cis™ u = cos = sin .
2u 2iu
L, ur-1 i +1)
=ta — = cot >
i(u?+1) u> -1
4 2u 1 2iu
=sec” — =cs >
u -1

Imaginary angle formulae

cosif = cosh 0
sinif = isinh O
tanif = itanh 0
cotif = —icoth 6
secif = sech 0
cscif = —icsch 6
cisif = m
cis6 = (exp0)’

Inverse function imaginary angle formulae

u
iu
iu

. 1 _
icoth™ u = —cot™iu

isech™ u = sec™
icschtu=

u

—csc!

icos™!
isin™

icottu=
iseclu = sech™

. _ -1
icscu=—csch™ iu

11

u = cosh™
u =sinh ™ iu
itan'u = tanh™' iu
—coth™ iu

u

u



Negative angle formulae

cosh(-6) = cosh 6 cos(—6) = cos 0
sinh(-0) = —sinh 0 sin(—0) = —sin O
tanh(-0) = —tanh 0 tan(-6) = —tan 0
coth(-60) = —coth 8 cot(-0) = —cotB
sech(-0) = sech 6 sec(—0) = secH
csch(—60) = —csch 0 csc(—0) = —cscO
1 . 1
exp(-0) = oxp 0 cis(-0) = e

Inverse function negative angle formulae

cosh™ (-u) = i — cosh™ u cos ' (—u) =a —costu
sinh ™' (—u) = —sinh ™ u sin”! (—u) = —sin" u
tanh™ (~u) = —tanh ™' u tan”!(-u) = —tan"' u
coth™ (-u) = —coth™ ' u cotl(—u) = —cotu
sech™ (-u) = i —sech ™' u sec!(~u) = —seclu
csch™ (—u) = —csch™ u cscl(~u) = —csclu
exp ' (—u) =mi+explu cis'(-u) = +cis ' u
Double angles
cosh 20 = cosh? 8 + sinh? 6 c0s 26 = cos? 0 —sin* 0
=2cosh’0-1=1+2sinh?6 =2c0s’0-1=1-2sin’0
sinh 260 = 2 cosh 6 sinh 0 sin 20 = 2 cos 6sin 0
=i (1~ (cosh® +isinh6)’) = (cos 8 +sin6)> ~ 1

tanh 20 = —2 tanh 0 tan 20 = —2 tan 6

1+ tanh? 0 1-tan®6

coth?0 +1 cot?0 -1

th20 = ——— t20=—— ~ ~
coth 20 2 coth O cot20 2 cotO
2 2 2 2

sech 26 = csch” 6 sech” 0 sec20 = ¢ Bsec” 0

csch? O + sech? 6 csc? 0 —sec? 0
csch 20 = csch stech 0 csc20 = csc QZSEC 0
exp 20 = exp? 6 cis 20 = cis’* 0

12



Half angles

coshg _ . [cosh@ +1
2=V 2

sinh 9 _ . [cosh6 -1
2 2
0 sinh 0 coshf -1
tanhg = cosh}?gl = 51}{129 = coth6 — csch 0
sin coshf +1
cothE = oh6—-1- smnhe - coth 6 + csch 6
hg _ V2sech®
S T T secho
0 +/2sechf
csch = =

2 1-sech@

exp g =+/exp 0

_1-cos6

=cscO - cotO

_ 1+cos6

sin @
= cscB + cotO

Multiple-value identities

cosh(0 + 2ri) = cosh 6
sinh (6 + 27ri) = sinh 0
tanh(0 + 2ori) = tanh 0
coth (0 + 2ri) = coth 6
sech(6 + 2ri) = sech 0
csch(B + 27ri) = csch 0
exp(0 + 27ri) =exp O

cos(0 + 2ir) = cos 0
sin(0 + 2ar) = sinf
tan(0 + 2or) = tan 6
cot(0 + 2r) = cotO
sec(0 + 2xr) = secB
csc(0 + 2ar) = cscO
cis(6 + 2or) = cis O

Straight-angle translations

cosh(6 + ari) = cosh(0 — i) = —cosh 8
sinh(0 + ori) = sinh(0 — ori) = —sinh 6
tanh (6 + ori) = tanh(6 — ori) = tanh 0
coth(0 + ori) = coth(0 — ari) = coth 0
sech(6 + i) = sech(0 — i) = —sech 0
csch(0 + ari) = csch(0 — i) = —csch 0
exp(0 + i) = exp(0 — i) = —exp 0

cos(0 + o) = cos(O

sin 0

—ar) =-cosB

sin(6 + or) = sin(0 — o) = —sin 6

tan(0 + o) = tan(6

—ur) =tan6

cot(0 + ) = cot(6 — ) = cotO
sec(0 + o) = sec(6 — o) = —secH

csc(0 +ar) = csc(6 — o)
cis(0 + o) = cis(6 -

13
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cosh(ori—6) = —cosh 0
sinh(ori — 0) = sinh 6
tanh(ori — 8) = —tanh 6
coth(ori — 6) = —coth 0
sech(ori — ) = —sech 6
csch(ari — 0) = csch 6
-1
exp 0

exp(ri—0) =

cosh(6 + Z) = isinh 6
sinh(6 + Z) = icosh 6
tanh(0 + Z!) = coth 6
coth(6 + Z) = tanh 6
sech(6 + Z') = —icsch
csch(6 + Z) = —isech 0
exp(0+ %) =iexp6

cosh(f - Z!) = —isinh 6
sinh(6 - %i) = —icosh®
tanh(6 - %) = coth 6
coth(6 — Z) = tanh 6
sech(6 - %i) =1icsch6
csch(f - Z) = isech®
exp(0 - %) =iexp6

cosh(% - 6) = —isinh 6
sinh(Z - 6) =icosh6
tanh(Z - 6) = —coth 0
coth(% - 6) = —tanh 0
sech(Z! - 0) =icschO
csch(Z - 0) = —isech
i

eXp(%i -0 = exp 0

Straight-angle reflections

cos(or —0) = —cos 6

sin(sr — 0) = sin 0

tan(or — 0) = —tan 6

cot(or — 0) = —cotB

sec(or —0) = —secB

csc(or — 0) = cscB
-1

cis(or - 6) = Ss0

Right-angle translations

cos(0 + 7) = —sin®
sin(6 + ) = cos 0
tan(6 + %) = —cot6
cot(6 + ) = —tan®
sec(0 + %) = —cscH
csc(6 + 7) =secO
cis(0 + ) =icis 6

cos(0 — %) = sin6
sin(6 — %) = —cos 6
tan(6 - %) = —cot 6
cot(60 - %) = —tan6
sec(6 - ) = csc6
csc(0 - 7) = —sect
cis(0 - ) =icis0

Right-angle reflections

cos(F —0) =sin6

sin(% — 0) = cos 0

tan(% — 0) = cot6

cot(F —0) = tan®

sec(§ —0) =cscO

csc(5 —0) =sec6
i

CiS(J—ZT - 9) = @

14



Half-right-angle translations

cosh <9+J§> = —isinh (%—9) Cos <9+%> = sin (%_9>
_ cosh @ +isinh 0 _ cos —sin®
V2 V2
. ari . i . T T
sinh <6+Z> = —icosh (Z_Q) sin <6+Z> = Cos <Z_9>
_ icosh 6 +sinh 6 _ cost +sin6
V2 2
Jri i Jr Jar
tanh <6+Z> = coth <Z_6> tan <9+Z> = cot <Z_9>
_ i+tanh© _1+tan6
" 1+itanh® " 1-tané
Iari Jari ar ar
coth <9+Z> = tanh <Z_6> cot <9+Z> = tan <Z_9>
_ cothf +i _cotf -1
" icothf+1 " cotf+1
ari . Jri a Jr
sech <9+Z) =icsch <Z_9> sec <9+Z> = csc <Z_9>
3 24/2 csch 20 3 2v/2csc26
" cschB +isech® " cscO —secH
ari . Il ar a
csch <9+Z> =isech <Z_9> csc <9+Z> = sec <Z_6>
3 2+/2 csch 20 B 24/2 csc 20
" icsch 6 +sech 6 " cscB +secH
Jri 1 . T i
() G )
eXp Z — 4
_ (I+i)expb _ (1+1i)cis®
V2 V2

Inverse function multiple-value identities

cosh™u =2ri+icosh™u costu=2mr+cosu
sinh™ u = 27ri +isinh™' u sinlu=2r+sin"u

tanh ' u =ori+itanh ™ u
cothu=umi+icoth™ u
sech ™ u=2ri+isech ' u
csch™u=2mi+icsch™ u

tan'u=x+tan'u
cot'u=m+cotlu
sectu =2 +sec u
csclu=2r+csclu

15



Inverse function straight-angle identities

cosh™u=ui-icosh™u
sinhu =mi-isinh ™ u
tanh™' 4 = ori +itanh™ u
cothtu=umi+icothu
sech™u=ui—isechu
csch'u=ai—icschu

cosh™ u =
|
sinh™ u =
-1
tanh™ u =
-1
coth™ u =

-1
sech™ u =

costu=mx—cos'u
sin'u=ao-sintu
tan'u=xw+tan'u
cot'u=m+cotlu
seclu=ao—seclu
csclu=m—csclu

Inverse function right-angle identities

rio,

~ _isinhtu
2-

ai _

= t+icoshtu
2.

ari _

— +cothtu
Jri _

~— +tanhlu

Ti _
7—1csch Ty

-1 ari . 1
csch™ u = > —isech™ u

JT .
cos " uUu=—-sin""u
2
-1 _ Jr 1
sinu=-—+cos " u
2
-1 % -1
tanTu=——-cot ' u
2
U |
cot "' u=——-tan " u
2
N |
seC " U=——CSC U
2
a1, _r -1
csC U= 5 +secu

Angle sums and differences

cosh(a + b) = cosh acosh b + sinh asinh b
cosh(a — b) = cosh acoshb — sinh asinh b
sinh(a + b) = sinh acosh b + cosh asinh b
sinh(a — b) = sinh acoshb — cosh asinh b

tanh(a + b) =
tanh(a - b) =
coth(a+b) =
coth(a-"b) =
sech(a +b) =
sech(a-b) =
csch(a+b) =

csch(a—-b) =

tanh a + tanh b

1+ tanhatanhb
tanha — tanh b

1 -tanhatanhb
cothacothb +1

cotha + cothb
cothacothb -1

cothb — cotha
csch acsch bsech asech b

cschacschb +sechasechb
csch a csch bsech asech b

cschacschb —sechasechb
sech a csch b csch asech b

sech acschb + csch asech b
sech a cschbcsch asech b

sech acschb — csch asech b

exp(a+b) =expaexpb

exp(a—-b) =

exp a

expb

cos(a+b) = cosacosb —sinasinb

cos(a—b) =cosacosb +sinasinb

sin(a + b) =sinacosb + cosasinb

sin(a —b) =sinacosb — cosasinb
tana + tanb

tan(a+b) = ——8M —
( ) 1-tanatanb
tana —tanb
tan(a-b) = ——8MM —
( ) 1+tanatanb
cotacotb -1
cot(fa+b) = ——
cota + cotb
cotacotb +1
cot(a-b) = ———
cotb —cota
cscacscbsecasech
sec(a+b) =
cscacsch —secasech
cscacscbsecasech
sec(a—-b) =
cscacsch +secasech
secacscbescasech
csc(a+Db) =
secacscb + cscasech
secacscbcscasech
csc(a—-b) =

secacscb —cscasech
cis(a+b) =cisacisb

cisa

cisb

cis(a-b) =
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Function sums and differences

cosha + coshb = 2coshaT+b coshaT_b
cosha—coshb:Zsinha;bsinha;b
sinha+sinhb:ZSinhaercosha;b
sinha—sinhb=2cosha;bsinha;b

tanh a + tanh b = sinh(a + b) sech asech b
tanh a — tanh b = sinh(a — b) sech asech b
coth a + cothb = sinh(a + b) cschacsch b
coth a — cothb = sinh(b — a) cschacschb

sech a + sechb = 2 cosh a+bcosh a-b
secha—sechb:ZSinhb+a sinhb_a
cscha + csch b = 2sinh ath cosh a-b
cscha —cschb =2coshb;a sinhb;a
exp a+expb =2cosh a_bexp a;—b

expa—expb =2sinh %b exp

cosha+isinhb

sech asech b
sech asechb
cschacschb

cschacschb

:2sinh<a;b—ﬂ>sinh<a+b+yﬂ)

4
cosha —isinhb

2 4

=251nh<a;b—ﬂ>sinh<a_b+]ﬂ>

4
coth a + tanh b = cosh(a + b) csch asech b
coth a — tanh b = cosh(a — b) csch asech b
cscha +isechb = 2 csch asech bx

. b-a i\ . b+a i
smh< > —Z>s1nh< > +Z>

cscha —isechb = 2 csch asech bx

) b+a xi\ . b-a i
smh( > —Z>s1nh< > +Z>

2 4

sinha +sinhb  cosha-coshb tanh a+b
cosha +coshb ~ sinha-sinhb 2
sinha —sinh b _cosha—coshb_t ha—b
cosha+coshb = sinha+sinhb an 2

tanha +tanhb  cotha + cothb

tanha —tanhb = cothb — cotha
= sinh(a + b) csch(a — b)

a+b a->b

cosa+cosb =2cos —— cos ——
2 2

b-a

a .
sin
2

cosa—cosb =2sin

a-b

b
cos

. . ..a
sina +sinb = 2sin 5
-b

. a
sin

. . a+
sina —sinb = 2 cos 5

tana + tanb = sin(a + b) secasecb
tana — tanb = sin(a — b) secasecb
cota + cotb = sin(a + b) cscacscb
cota — cotb =sin(b—a)cscacsch

a+b a-b
seca +secb =2 cos cos secasecb
. a+b . -
seca —secb = 2sin sin secasecb
L oa+ —
csca+cschb =2sin cos cscacsch
+a . b-a
csca—cschb =2 cos 5 sin > cscacsch
. . a-b . a+b
cisa + cisb = 2 cos cis 5
. . .. b—-a . a+b
cisa —cisb = 2isin cis 5

cosa+sinb

—251n<£——a_b>sin<£+a+b>
- 4 2 4 2

cosa—sinb

—ZSin<£—a+b>Sin<z+a_b>
- 4 2 4 2

cota +tanb = cos(a — b) cscasecb
cota —tanb = cos(a + b) cscasecb
csca +sech = 2cscasecbx

i Jz'_b—a in .7r+b+a
SM\2 "2 )¥™M\2 T2

csca +sech = 2cscasecbx

sin(z—b+a>sin<z+b_a>
4 2 4 2

sina+sinb cosb-cosa a+b
= — . =tan ——

cosa+cosb sina-sinb 2

sina-sinb cosb-cosa a-b

= — T =1tla
cosa+cosb sina+sinb 2
tana +tanb cotb + cota

tana —tanb cotb—cota
= sin(a + b) csc(a - b)

17



secha -sechb anha+btanhb_a seca—secb_ta a+btana_b
secha +sechb 2 2 seca +sech 2 2
cschu+cschb_tanha+b o b-a Csca+CSCb—tan +bc0tb—a
cscha—csdll)b h 2 2 csca—csch - 2 2
exp a — exp tnh -b C%Sa_C%Sb—Ztnb
expa+expb 2 cisa+cisb

Function products

cosh(a + b) + cosh(a — b) cos(a —b) + cos(a +b)

coshacoshb = 5 cosacosb = >
sinh acoshp = Snh(@+b) er sinh(a — b) sin gcosh = Sn(a—b) +sin(a+b)
sinh asinh b = cosh(a +b) — cosh(a - b) singsinb = cos(a —b) —cos(a +b)

2

tanatanb =1 - cot(a + b)(tan a + tan b)
tanacotb = tan(a + b)(cotb — tan a) —
cotacotb = cot(a + b)(cota + cotb) + 1
secasecbh = sec(a + b)(1 —tanatanb)

= csch(a + b)(tan a + tan b)
secacscb =sec(a + b)(cotb — tan a)

= csch(a + b)(tanacotb + 1)
cscacsch =sec(a+b)(cotacotb—1)

= csch(a + b)(cota + cotb)
cisacisb = cis(a + b)

2

tanh atanh b = coth(a + b)(tanh a + tanh b) — 1
tanh a coth b = tanh(a + b)(coth a + tanh b) —
coth a coth b = coth(a + b)(coth a + cothb) — 1
sech asech b = sech(a + b)(1 + tanh a tanh b)

= csch(a + b)(tanh a + tanh b)
sech acsch b = sech(a + b)(coth b + tanh a)

= csch(a + b)(tanh a cothb + 1)
csch acsch b = sech(a + b)(coth acothb —1)

= csch(a + b)(coth a + coth b)
expaexpb =exp(a+Db)

Inverse function sums and differences

cosh™ 4 + cosh™ v

= cosh™ (uv +Vu?2 - 1vv? - 1)
= sinh™ <u\/v2 1+ovVu? - 1>

cosh™?u—-cosh™' v
=cosh™ (uv —Vu? - 1V0? 1)
= sinh™ <v\/u2 1-uvo? - 1)
sinh™' % +sinh ™! v
=sinh™ (ux/v2 +1+oV2 + 1>
= cosh™ <\/ u? + 1vVo? + v)
sinh™ u —sinh ™! v
= sinh™ <u\/v2 +1-ovVu2+1
= cosh™ <\/ 2 +1vVo2+1- uv)

4 uU+v
tanh™' % + tanh™! v = tanh ™"
1+uv
_ _ [T
tanh™ u — tanh ™! v = tanh ™
1-uv

coSs™ u + COoS™ U

= cos” < -V1-u?v1- v)
=sin1<u\/1 2 +0V1 - u2>

cos'u—cos v
=cos™! (uv ++v1-u2v1 - 02>
=sin™! (v\/l w2 —uv1-12

sintu + sm )

)
=sin” <u\/1 2 +0V1 - u2>
—cosl< 1-12v/1-02 uv)

-1,

sin” u —sin

=sin~ <u\/1 2 —vV1- u2>
=cos1<\/1—u2 1—v2+uv)

1 4 4 u+v
tan™" u +tan™ v = tan

1-uv

-1 -1 g U-°
tan™ u —tan™ v = tan

1+uv

18



1 1+uv

coth™ u + coth™ v = coth™

+v
1-
coth™ 4 - coth™ v = coth™ wo
Uu-ov
sech u+sech™ v
— sech”! uov1 - u?v1-1v?
uv +v1-u2v1-v?
~ csch™! uov1 - u2v1 - v?

uv1-v2 +ovv1-u2

sech™ u —sech™ v
sech! uov1 - u?v1-1v?

gy

uovv1 —u?v/1 - v?
uv1-0v2-oVv1-u?

cschu+cschlo
— csch™! uovu? + 1vVo? +1
uvo? +1+ovu? +1

uovuz +1vo? +1
uv+Vu? +1vVo2 +1

-1 -1
csch™ u—csch™ v

— csch™! uovu? + 1vVo? + 1

oV +1-uvol+1
uovVu? +1vVo? +1

-Vu?+1vo? +1

explu+explv=exptuv

sch™

=sech™

=sech™

explu—explo=exp! —

quv-1
cotlu+cotv =cot
u+ov
B qou-1
cotlu—cot'v =cot
v—Uu

sectu+seclv

4 uovu?-1vo? -1

= sec
Vu?z-1vovr-1-uv
uovu? - 1vVo? -1

= CSC

uvo? -1 +ovvu? -
sectu—seclv

4 uovu?-1vo? -1

uv +Vu? -1vo?r -1

uovu? - 1vVov? -1

uVvo? —1-ovvu? -
csclu+csclo

o uovu?-1vo? -1

uvo? -1 +ovvu? -

4 uovu?-1vo? -1

-vu?-1vov? -1

csc ' u—cscl o

o uovu?-1vo? -1

= secC

=Ccsc

= CSC

= secC

= csc
oVu? -1 - uvo? -

~ sec uovu? - 1vv? -1
uv +Vu? -1vo?r -1

cistu+cis o =cis uv

cis'u—-cisto=cist =

Same-angle function sums and differences

cosh0 +isinh6 = ﬁsinh <G+ —>

—fcosh(——e

i

coshf —isinh @ = fcosh<6+z
i

= — smh

cothf +tanh 0 =2 coth 20
coth @ — tanh 6 = 2 csch 20

Z‘9>

cotO +tan O = 2 csc20
cotO —tan 0 = 2 cot20
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V2 csch <9 + '11
csch 6 +isech O =

icschZQ
V2 sech (% -0

)
csch 20 )
)
|

V2 sech (9 +

icsch 26
\fcsch (— -0

csch 20

csch B —isech O =

V2 csc <6+%
cscO+secf= —— =~

csc 260

)
)
ar
cscB —secB = %
)

Linear combinations of functions

A#+B=
Asinh 0 + Bcosh 6

=+/A? — BZsinh (9 +tanh™

= +/B? — A2 cosh (9 +tanh™

Atanh 6 + Bcoth 0
-V A2sech? 0 — B2 csch? Ox

sinh (6 +tanh™ (— coth 9)

m|:>h>lbd

)
)
)

= VB2 csch? 0 — A2 sech? Ox

cosh (9 +tanh™ (% tanh 9>>

Asech0 + Bcsch
=+ A? — B2 csch 20 sinh <9 +tanh™ %)

= v/B? — A2 ¢sch 26 cosh <6 +tanh™ %)
A#+Band A,B£0=

Aexp0+ oxp0
_ -B
= 2+/ABsinh <6 +tanh™ a1 B>
- 2iv/AB cosh <9 + tanh™! ‘2 . g)

coshn0 = Z ( > cosh™* @ sinh? 0

k=
n—

= 4

MN|

sinhn0 =

PT'

=0

A#+B=
Asin + Bcos 0

=+VA? + B?sin (9 +tan! §>

A2 + B2 cos <9 —tan™! %)

Atan0 + Bcotf
= v A2sec? 0 + B2 csc? Ox

sin (9 +tan™! (g cot 9))

= v A2 sec? 0 + B2 csc? Ox

cos <9 —tan™! (% tan 9>>

Asect + BcscO

=+ A2 + B2 csc 20 sin <9 +tan™! g)
A
=/ A2 + B2 csc26 cos <6 —tan’! E)

A#+Band A,B£0=
B
Acis0+ —
cis +cis€
=2+/ABsin <6+tan _B>
a A+B
1 A+B

= 2+/AB cos (9 —tan™! - B)

Multiple angles

cosnf = Z(—l)k< " > cos™ % 0 sin%* 6

ol
n n-2k-1  _: 1.2k+1 . n-2k-1 [ c312k+1
h h E
<2k 1> cos 0 sin 0 sinnb = 2, <2k N 1> cos 0sin”*™ 0
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Powers

sinh? a — sinh? b = cosh? a — cosh? b

= sinh(a + b) sinh(a - b)
cosh? a + sinh? b = cosh? b + sinh® a

= cosh(a + b) cosh(a — b)
tanh® a — tanh? b

= tanh(a + b) tanh(a - b)(1 — tanh? a tanh® b)
coth? a — coth? b

= tanh(a + b) tanh(a — b)(1 — coth? a coth? b)
sech? a —sech? b

= sinh(a + b) sinh(a — b) sech? a sech? b
csch? a — csch? b

= sinh(b + a) sinh(b — a) csch” acsch? b

of two angles

sina —sin’b = cos?b — cos? a

= sin(a + b) sin(a — b)
cos? a —sin’b = cos? b —sin’ a
= cos(a + b) cos(a — b)
tan? a — tan’ b
= tan(a + b) tan(a - b)(1 - tan? a tan? b)

cot?a —cot?b
= tan(a + b) tan(a - b) (1 - cot? a cot’ b)
sec? a —sec®b

=sin(a + b) sin(a - b) sec® asec® b
csc?a—csc?b
=sin(b + a) sin(b — a) csc? acsc® b

Powers of one angle

1 n
+ 22n—1 Z

k=1

<n2+”k> cosh [2k6]
sinh®" 6

1 L 2n
Y < n >
T i(—l)’”k (n?k) cosh [2k0]
k=1

coshzn+1 6

= o Z (nzf; 11> cosh [(2k +1)6]

sinh®™*! 9
2n+1

_ L c _1\k+1 :
- 4n_1k2=0( 1) <n+ .. 1> sinh [(2k + 1)6]
cosh” 6 —sinh" 0

-H

4k7r1

- exp

4dkori

sinh (9 —tanh™' exp

.)

2n+1

= o Z (n ks 1> cos [(2k +1)6]

sin 2n+1 9

_ %i(—l)" <n2+"k++11> sin [(2k +1)0]
k=0

cos™ 6 —sin™ 0

=11
k=1
sin <9

—tan!cis 4k—”)
n
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cosh” 6 + sinh" 0

sinh (9 —tanh™ exp M)

cosh®” 6 —sinh* 6

1
22n1(1_( 1))< > 4n1

5 o n
é <n + 2k + (_1)n> cosh [(2k + (-1)") 26]

cosh? 0 + sinh®" 6

1 fm\ 1
=W(1+(_1) )<n>+FX

i <n . 2k2f (_1)n> cosh [(2k — (=1)") 26]

k=1
cosh?™1 9 — isinh*"*! @
1

= —X
22n—3

S 2n+1 i k
Z<n ks 1> cosh [Z +(-1)*@2k +1)6

k=0
cosh?™1 9 + isinh*"*! @
1

- i22n—3 %
2n+1 . Jri X
<n ks 1> sinh [Z +(-D)*(2k+1)6

cosh2"+1 0 +sinh®"*' @

~
HM:
[l

n

S <nzf,: 1 1> exp (1) 2k +1)0)
k=0

cos™ 0 +sin” 0

—H e 2(2k+1)7r

sin <9 —tanh ! cis w>

cos?" 0 — sin*" 0

2 2n
Z <n . 2k> cos [4k6]
k=1

COSZ‘rL+1 0- Sin2n+l 0

| =

M=

< n+l ) cos [% + (1) 2k + 1)9]

c\nt+tk+1

cos?™1 9 + sin?"*1 9
1

X
22n-3

< 2n+1 o
kz_(:)<n +k+ 1) S [Z +(-1)*(2k + 1)9]

cos?™1 @ + isin®*1 9

= X
4n-1

En: <n2f1:+11> cis [ (1) 2k + 1)6]

k=0

Differential equations

f"0)=f(©O) = f(6)=Acosh6+ Bsinh6 f"@)=-f©O) = f(6)=AcosfO+Bsinb
Derivatives
(cosh ) =sinh 0 (cos8) = —sin0

(sinh 8)' = cosh 8 (sinB)’ = cos O

(tanh 0) = sech® 0 (tan0)' = sec’ 0
(coth6)' = —csch? 0 (cotB)’ = —csc? 0
(sech 8) = —tanh 8 sech 6 (secB)’ = tanOsecO
(csch @) = —coth O csch 0 (cscB) = —cotBcsch
(expB) =exp0 (cis0)' =icisO
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Inverse function derivatives

62k+1
Z < (2k +1)!
2(2k)' ®

]l-zk Z (2] + 1)2k
(2k)! ’

sinh 6 =

B_

_ k
tanhG:Z( )4
=1
0l < %
~ 1 0 ( )k+14kBk - 1
coth6 = & - ; o ~——__ %9
0<|0)<a

(-1)FE
sech 6 = Z R 0%,

0] < 3

1 (=1)k2(2%1 —1)By 21
cschG—é Z ! 6

6] < ar

(cos'u) =

. 1
<s1n 1u), = \/11_7

(tan~lu) = Tluz

(cot™u)' = T Liz
PN

(sec'u) = - uzl—l
o -

(esctu) = —

. -1 ! _i
<CIS u> = —
u

Power series

o [:\k
cisQ:Z@
= k!

_oo (_1)k92k
cosf=» ———

% (2k)!

o (_1\kp2k+1
sin@ = (-1)°6

&7 (2k +1)!

AR+l (Zk)! O (_1)j+1
gr2k+1 = (2] - 1)2k+1

tan 0 = ZWQZ 1

k=

k=1
0l < %
_ 1 < 4kBk 2k-1
cotf = ) _g(Zk)le ,
0<|0)<a
secH = i Ex 0%
= (2k)!
0l <%
1 &, 2(2% — 1)By 21
cscO = é + ;We
6] < ar
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Inverse function power series

- & (=1)k(2k)!
hly= 2K+l
ST Ak 1)
lu| <1
L z 20
cosh™ u=In2u—- ;4k(k!)22ku ,
|u| > 1
tanh™ u = i wt lul <1
&2k +1'
coth™ u = i e lu| > 1
&2k +17
. 2 & (2K)!
sechlu=In=-S —2 2%,
u kz:1:4k(k!)22k
lul <1
- S (DR e
hly=Y 0 8k
SR T A nzk+1) "
|u| > 1

© 9 2
cosh 0 = 1+ < )
E w(k—1)

. =9} 6 2
sinh 6 = GIk:P + <ﬁ>
2
tanh 0 = GE <1 - ﬂ)

[e'e]
sinlu =
k=0
costu="2
2
[ee)
tanlu =
k=0
[ee]
-1
cot™u=
k=0
1 Jr
sectu==
2
[ee)
1,
csclu =

k=0

Infinite products

cosf = Hl
k=1

sin@ = QH

k=1
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FEN22k+1)
lu| <1
_ S (2k)! 2k+1
k:04k(k!)2(2k +1) !
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2k+1 ' ul <1
1 ku—Zk—l
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exp 0 = 5
1_
0
1+
0
2_
0
3+
0
2_
0
5+ 5
2
tanh9=9
92
1+
02
3+
92
5+
62
7+
02
9+
92
11 +
92
13+ —
coth6=1+
02
3+
92
5+
92
7+
92
9+
92
11 +
02
13+ —
-1
exp u=
1+u
u
2+
4u
3+
4y
4+
u
5+
6+9u
7+16_u

Continued fractions

Clse:i+6
l__9
2i+9
. 0
3i
. 0
21 + )
5i -
2i+ —
tan 0 = i
1-
02
3—
92
5—
92
7_
02
9_
92
11 -
62
13- —
cot6=——9
02
3_
92
5_
92
7_
92
9._
62
11 -
02
13- —
cis‘luzl_l -
- u
2i—
. 4u
3i-
. 4u
4i —
. Yu
5i —
6i— M
i Lo
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tanh™ u = 5
u
1 —
4y?
3 —
9u?
5 —
161>
7_
2512
v
11- 2%
-1
coth™ u = — 1
4
3u-—
5u — 9
T — 16
“ on B
11u - %

u
tan"lu =
1+

4y?
9u?
1612
2512

2
114+ 2%

3+
5+

9+

cotlu=

u+

3u +

5u+7 +16
! 9 +25
“ 36

1lu+ —

Inner transformation function definitions

gd0=2tan'e? - JZ—T = % - 2cotte?

cgf =2coth™ e? = —2tanh™' ¢7@
= In(csch 8 + coth )
gd 20

gs0 = >

9= 0 z>_ (z_9>
gd 6—lr1tan<2+4 =Incot )

=In(secO + tan 0)

ar ar
= — — = — — 2
cof 5 0 > 0+2nr,ne N

d'20
ip_8
gs— 0= 5

Gudermannian transformations

coshgd™ 6 =secH
sinhgd™ 6 = tan 6
tanhgd™' 0 = sin
cothgd™ 0 = cscO
sechgd™ 0 = cos 0
cschgd™ 6 = cot O

cosgd 6 = sech 6
singd 6 = tanh 0
tangd 6 = sinh 0
cotgd 6 = csch 6
secgd 0 = cosh 6
cscgd 6 = coth 8
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Gudermannian transformations of inverses

gdcosh™ u=seclu gd'cos'u=sech u
gdsinh™ u = tan" u gd'sin'u = tanh™' u
gdtanh™ u = sin"'u gd ' tan' u = sinh ™' u
gdcoth™ u =csc'u gd ™ cotlu = csch™ u
gdsech™ u = cos™' u gd'secu=cosh™ u
gdesch™ u = cot™ u gd ' esc u=coth™ u

Gudermannian special transformations

tanhgs™' 0 = tan 6 tan gs 0 = tanh 0
cothgs™ 0 = cotf cotgs6 = coth 6

Gudermannian special transformations of inverses

gstanh™' u = tan"' u gs'tan'u = tanh™ u
gscoth™ u = cotu gs™'cot™ u = coth™ u

Cogudermannian and coangle transformations

coshcg 6 = coth0 coscof =sin6
sinhcg 6 = csch 6 sinco 6 = cos 0
tanh cg 6 = sech 6 tanco 6 = cot 0
cothcg 6 = cosh @ cotcof = tan 0
sechcg 0 = tanh 0 seccof = cscH
cschcg 6 = sinh 0 cscco B = secO

Cogudermannian and coangle transformations of inverses

-1 -1 _ .-
cgcosh™ u =coth™ u cocosu=sin"u

cgsinh™ u = csch™ u
cgtanh™ u = sech™ u
cgcoth™ u = cosh™ u
cgsech™ u = tanh™ u
cgesch™ u =sinh™ u

cosintu =cos'u
cotan™!u = cot u
cocotu=tan'u
cosec'u=csclu

1 1

coCsC " uU=sec U
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Properties of inner transformation functions

gd(-0) = -gdo
cg(-0)=cgb-%
gs(—0) = —gs0

(gdB)' =secho
(cgB) =cscho
(gs0) =sech20
gd(if) =igd™' 6
cg'0=cgb
gs(if) =igs6

_ tan-! sinha
gd(a+b) =tan oshb tan
h
gd(a-b) = tan™ Sg;hz -
cg(a+b) =
_1 coshb —sinha
coshb +sinh a
cgla—-b) =
tanh-! coshb —sinh a

coshb + sinh a

gs(a+b) = j tan

+ 1 tan™!

1
2

-1

gs(a-b) =

_1 -1
5 tan

gd26 =2tan"! tanh 6

cg20 = 2 coth™ exp 20

; 2tanh©
1+ tanh’@

gd g = csc ' (csch O + coth 0)

gs20 = tan™

cg g = cosh™ (csch 8 + coth 6)

6 tan'sin®

sinh b

cosha
sinh b

cosha

_1 cosha —sinhb

cosha + sinh b

_1 cosha +sinhb

cosha —sinhb
1 2coshasinha

cosh? b + sinh? b
2 coshbsinh b

cosh? a + sinh” a
2cosh asinh a

cosh? b + sinh? b
2 coshbsinh b

cosh? a + sinh” a

gd ' (-0) =-gd' 0

co(-0) = —cob
1(-0)=-gs'0

(gd' 6) = —secH

(coB) =

(gs™1 6) = —sec20

gd'(i0) =igd @
co'@=cob
gs 1(iB) =igs6

_ -1 Slnb
gd” Y(a+b) =tanh™ b+tanh oy
ed”(a—b) = tanh! & SZ tanh™ :;I;Z
co(a+b) =

co2a N co2b

2 2

co(a—-b) =

coa+b

2cosasina
sl a+b)=itanht —2—"
gs )=2 cos?b +sin’b
1 tanh! 2cosbsinb

tat
gs'(a—b) =} tanh”

1 -1
- 5 tanh

gd™'20 =2tanh™" tan 8
c020 =2cob - %
2tan 6

7120 = tanh™' ———
8° an 1 -tan?0

gd’1 g = csch™ (csc O + cot 0)

co g =tan~!(csc O + cot 0)

4 Q 3 tanh™! sinh 0

cos? a +sin® a
1 2cosasina

cos?b +sin’b
2cosbsinb

cos? a + sin’ a

gSE_ 2 gs 2_ 2
ia ib
gda+gdb= 2tan™! <1e -;ib>—yr gda+gd b= 2itanh_1<1e_;ae+ib>—yz'i
a+b 1 ia+ib 1
gda-gdb= 2tan‘1<eb * >—]Z' gdta-gd'b= 2itanh1<eA +_b>—yri
e’ —e” et — et
cegb= 2tanh ( £FE veob= 2c02tY
cga+cgb= a T oatt cwa+cob= 2co—
a_ ,b
cga—cgb= 2tanh_1<1e_e:+b> coa-cob= b-a
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2a 2b
e’ +e
- -1 -
gsa+gsb= tan <1_82a+2b>

2a+2b
gsa-gsb= tan™ (—H> -

eZb — e2a

Ny NS

w (—=1)k tanh?**! g
= 2 —_—
;) 2k +1
T Z (2k)!sech®*! 6
44k (n!)2 (2k + 1)

B ( 1)k+12(22k 1_ 1)Bk62k
cg9—1n6+kz:; 2K

~ i (-1)%(2k)! csch®** @
B 4k (n!)2(2k +1)
cogdf =gdcgb = cgco(-if)

cgf=gd ' cogdh
=cogdicof =co(-igd™ cob)

2ia  ,2ib ;

o ef+e i

gsla+gs'b= itanh ([ ———— ) - =
1 — e2ia+2ib 2

2ia+2ib H
4 g (e +1 Jri
gs " a—gs b= itanh W>_7
~ o (_1)kE2k92k+1
R ) Y i
gd 0 ,;0 2k + 1)
. tan2k+1
2
é 2k +1

gd” cof=cggd'B=icocgh
cof =gdcggd™ 0

Inner transformation conversions

cosh 8 = cosi0
= —isinhicoif =sincoif
= tanhgd ' coif = —itanigd ' coif
= cothcg® =icoticg0
=sechgd™ i0 =secgd 0
=icschicogd© =csccogd O
sinh @ = —icoshicoif = —icoscoif
= —isini0
= —itanhgd ™ i0 =tangd 0
=icothicogd = cotcogd 0
= —isechgd' coi® = —-isecigd™ coif
= cschegf =icscicg0
tanh @ = coshicogd 0 = coscogd 6
= —isinhgd ™" if =singd 0
= —itanif
= cothicoif = —icotcoif
=sechcgf =secicg0

icschgd™ coif =cscigd™ coif
cothf = coshcgf

isinhgd™ coif

=cosicgf
=sinigd™" coif

= tanhicoif =itancoif
=icotif

=sechicogd6 =seccogd®

=icschgd™ i0 =cscgdO

cosf = coshif
= —isinhico 0 =sincof
=tanhgd ' co @ = —itanigd ' co®
= cothcgif =icoticgif
=sechgd™ 60 =secgdif
=icschicogdif = csccogd if
sinf =coshico® = cosco 0
= —isinhi0
= tanhgd ™' 0 = —itangd ™ i0
= cothicogd™ if = —icotcogd™ i0
=sechgd ™ cof =secigd ' cof
= —icschcgif = cscicgif
tan@ =-icoshicogdif = -icoscogd™ if
=sinhgd™ 0 = —isingdif
= —itanhi0
=icothico® = cotco0
= —isechcgif = —isecicgif
=cschgd™ co@ =icscigd™ cof
cotf =icoshcgif =icosigd™ if
=sinhgd ™ co@ = —isinigd ' co@
= —itanhico 6 =tanco®
=icothi0
=isechicogdif =iseccogdif
=cschgd™ 0 =icscgdif
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sechf = coshgd™ if
= —isinhicogd 0
= tanhcg 0
= cothgd™ coif

=icschicoif
csch@ =icoshgd™ coif

=sinhcg 0

= —itanhicogd0

=icothgd™ i

=isechicoif

cosgd 6 sec =coshgd™6 = cos gd i
sinco gd 0 = —isinhicogdi@  =sincogdib
—itanicg0 = tanh cgif = —itanicgid
~icotigd™ coif = cothgd ™' co@ =icotigd ' co@
secif =sechi0

csccoif =icschico® =csccof
icosigd™ coif cscd =coshgd ™ cof =cosigd™ cof
—isinicg0 =isinhcgif =sinicgif
tancogd 0 = tanhicogdi0 =itancogd ™ if
cotgd O = cothgd™ 0 =icotgdif
iseccoif =sechicof =seccot
icscif =icschif

Alternative inner transformation conversions

cosh® =sinhgd ' cogscg® = tancogscg6 cos@® =sinhgd ' gsgdcob

=cschgd ™ gscg 6

cotgscgO =cschgd ™ cogsgd™ coB

sinh® = cosheggs™ cogdB =coscogdgs™ gdo sin@ =sinhgd ' gsgd®

=tanhgs™' gd 6

= cothgs!cogd 6

=sechcggs'gdb
tanh @ = sinhgd ™' gs6

=cschgd ™' cogs 6

singd™ gs1gd 6 =cschgd ™ cogsgd™ 6
seccogdgs™ cogdf

cscgd gs ! cogd 6

tangs 0 tanf =coshcggs™cob
cotcogsO =tanhgs™ 0

cothgs™ cof
=sechcggs™ 0

coth® =sinhgd ' cogs® =tancogs® cotf =coshcggs™6O
=cschgd ™' gs@ =cotgs0O =tanhgs™' co6
= cothgs™ 0
=sechcggs™cof
sechf =sinhgd'gscgd =tangscgh sec =sinhgd'cogsgd™ cof
=cschgd ' cogscgf = cotcogscgh =cschgd ' gsgd™ cob

csch6 = coshcggs™ gd 6
=tanhgs™' cogd 0
= cothgs'gd6
=sechcggs!cogdb

exp” 0 = exp(n0)

op'0 = exp(-n0)

/exp 0 = exp g

exp™*in 6 = exp(mb) cis(nb)

coscogdgs'cogd® csc@ =sinhgd'cogsgd O
singd gs™ cogd 6 =cschgd ' gsgd™ 0
seccogdgsgd6

cscgdgslgdo

DeMoivre identites

cis" 8 = cis(nf)

ey cis(-n0)
Vcis 0 = cis g
cis™" @ = cis(m0) exp(-n0)

(exp tcis 0)™™ = exp ((m — n)t) cis ((m + n)0)
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= tangsgd ™ co O

= cotcogsgd ™' coB
=tangsgd™ 0
=cotgscg0

=coscogdgs™ 6
=singdgs™' 0
=seccogdgs™cof
=cscgdgscof
=coscogdgs'cob
=singdgs™ cof
=seccogdgs™ O
=cscgdgs™'o
=tancogsgd ™' co
= cotgsgd ™ cof
=tancogsgd ™' 0
=cotgsgd™ @



Point on the complex plane

t+i0

a+bi=e"" =exptcisf

= coshtcosB + sinhtcosO +icoshtsinO +isinhtsin 0

)

a=exptcos0 = coshtcosO +sinhtcos0

b =exptsinf = coshtsin O + sinh t sin 6

g
2 2 _
t=exp” Va? + b2 = exp ' \/(a + bi)(a — bi) = tanh™! %
a

0 = cis™ Lbi = cis™! a+bi =tan™! E
Npare a-bi a

)
cosht—aZerzJrl cosf = a
2\//.12;-1)2 @/a2+b2
sinht = Lb_l sin@ = L
Va2+b2 1/a2+b2

Twice-applied formulae

e = exp exp 6 = (cosh cosh 0 + sinh cosh 0) (cosh sinh 6 + sinh sinh 8)

Q
Il

exp cis 0 = (cosh cos 0 + sinh cos 8) (cos sin 0 + i sin sin O)

Q
Il

cisexp 0 = (cos cosh 6 + sin sinh 0)(cos sinh 6 + i sin sinh 0)

jol® . . .. . . .
e’ = ciscis0 = (cos cos 0 + isin cos 8) (cosh sin 8 — sinh sin 6)
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